Introduction
The systematic development of Latin squares started with Euler (1779) and was carried on by Cayley (1877-1890) who showed that the multiplication table of a group is an Appropriately bordered special Latin square. In the 1930's the concept arose once again in the guise of multiplication tables when the theory of quasigroups and loops began to be developed as a generalization of the group concept. Latin squares played an important role in the foundations of finite geometries, a subject which was also in development at this time. Also in the 1930's, a big application area for Latin squares was opened by R.A.Fisher who used them and other combinatorial structures in the design of statistical experiments. Latin squares first arose with parlor games such as the problem of arranging the jacks, queens, kings, and aces of a pack of cards in a 4 × 4 array so that each row and each column contains one card from each suit and one card from each rank. In 1779, Leonard Euler posed the following famous problem of the 36 officers from six ranks and six regiments. He claimed it was impossible to arrange these officers on parade in a 6 × 6 square so that each row and each column contains one officer from each rank and one from each regiment.
Recently, statisticians have found Latin squares useful in designing experiments, and mathematicians have found close connections between Latin squares and finite geometries.
II. Some Definitions and Auxiliary Results
This section contains some definitions and auxiliary results. Definition 2.1.( Latin Squares ) Let S be a set with n elements. Then a Latin square L = (l ij ), of order n based on S, is an n × n array of the elements of S such that each element appears, exactly once in each row and once in each column. For example, 
, and, since the operation is associative, we have x j = x k . Therefore, an element cannot appear twice in the same row. Similarly, an element cannot appear twice in some column, and the table is a Latin square.
Given any Latin square, we can permute the rows among themselves also the columns among themselves and we still have a Latin square. For example, the addition table for Z 2 × Z 2 is a Latin square of order 4. If we interchange the first and third columns and replace (0, 0) by a, (0, 1) by b, (1, 0) by c, and (1, 1) by d, we obtain another Latin square of order 4 based on {a, b, c, d}. These are illustrated in Table 2 .2. Suppose you wanted to compare the yields of three varieties of hybrid corn. You have a rectangular test plot, but you are not sure that the fertility of the soil is the same everywhere. You could divide up the land into nine rectangular regions and plant the three varieties, a, b, and c, in the form of the Latin square in Table 1 .1. Then if one row were more fertile than the others, the Latin square would reduce the error that this might cause. In fact, if the soil fertility was a linear function of the coordinates of the plot, the Latin square arrangement would minimize the error.
Of course the error could be reduced by subdividing the plot into a large number of pieces and planting the varieties at random. But this would make it much more difficult to sow and harvest. Example 2.3. A smoking machine is used to test the tar content of four brands of cigarettes; the machine has four ports so that four cigarettes can be smoked simultaneously. However, these four ports might not be identical and that might affect the measurements of the tar content. Also, if four runs were made on the machine, testing one brand at a time, the humidity could change, thus affecting the results.
Show how to reduce the errors due to the different ports and the different runs by using a Latin square to design the experiment.
Solution. If a, b, c, d
are the four brands, we can use one of the Latin squares of order 4 that we have constructed. Table 2. 3. illustrates which brand should be tested at each port during each of the four runs. Hence p + r = A = q + s and r = B = p + s. Adding, we have p + q + 2r = p + q + 2s and 2r = 2s. before, 6r = 6s, which implies r = s in Z 5 , which is a contradiction. 
Orthogonal Latin Squares
Suppose that, in our corn field, besides testing the yields of three varieties of corn, we also wanted to test the effects of three fertilizers on the corn. We could do this in the same experiment by arranging the fertilizers on the nine plots so that each of the three fertilizers was used once on each variety of corn and so that the different fertilizers themselves were arranged in a Latin square of order 3.
Let a, b, c be three varieties of corn and A, B, C be three types of fertilizer. Then the two Latin squares in Table 2 .6. could be superimposed to form the design in Table 2 .7. In this table, each variety of corn and each type of fertilizer appears exactly once in each row and in each column. Furthermore, each type of fertilizer is used exactly once with each variety of corn. This table could be used to design the experiment. For example, in the top left section of our test plot, we would plant variety "a" and use fertilizer "A". Although it is easy to construct Latin squares of any order, the construction of orthogonal Latin squares can be a difficult problem. At this point the reader should try to construct two orthogonal Latin squares of order 4.
Going back to our field of corn and fertilizers, could we use the same trick again to test the effect of three insecticides by choosing another Latin square of order 3 orthogonal to the first two? It can be proved that it is impossible to find such a Latin square. However, if we have four types of corn, fertilizer, and insecticide, we show, using Theorem 2.8, how they could be distributed on a 4 × 4 plot using three Latin squares of order 4 orthogonal to each other. Definition 2.6. If L 1 , ..., L r are Latin squares of order n such that L i is orthogonal to L j for all i  j, then (L 1 , ..., L r ) is called a set of r mutually orthogonal Latin squares of order n.
We show how to construct n -1 mutually orthogonal Latin squares of order n from a finite field with n elements. We know that a finite field has a prime power number of elements, and we are able to construct such squares for n = 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, ... etc.
Let GF(n) = {x 0 , x l , x 2 , ..., x n-l } be a finite field of order n -p m where x 0 = 0 and x 1 = 1. Let
be the Latin square of order n that is the addition table of GF(n). Then 
Then L k is a Latin square of order n for 1  k  n -1 based on GF(n). Proof. The difference between two elements in the ith row is
Hence each row is a permutation of GF(n).
The difference between two elements in the jth column is
, since 0 and .
Hence each column is a permutation of GF(n) and L k is a Latin square of order n. Theorem 2.8. {L l , L 2 , ..., L n-l } is a mutually orthogonal set of tin squares of order n = p m .
Proof. We have to prove that
Suppose that when L k is superimposed on L l , the pair of elements in the (i,j)th position is the same as the pair in the (r,q)th position. That is, 
. Now the field GF(n) has no zero divisors; thus either x k = x l or x l = x r . Hence either k = l or i = r.
But k  l and we know from position 1.7 that two elements in the same row of L k or L l cannot be equal; therefore, i  r. This contradiction proves that when L k and L l are superimposed, all the pairs of elements occurring are different. Each element of the first square appears n times and hence must occur with all the n different elements of the second square. Therefore,
If we start with Z 3 and perform the above construction we obtain the 3 mutually orthogonal Latin squares of order 3 given in Table 2 .8.
Table 2.8. Two orthogonal Latin squares
Example 2.9. A drug company wishes to produce a new cold remedy by combining a decongestant, an antihistamine, and a pain reliever. It plans to test various combinations of three decongestants, three antihistamines, and three pain relievers on four groups of subjects each day from Monday to Thursday. Furthermore, each type of ingredient should also be compared with a placebo. Design this test so as to reduce the effects due to differences between the subject groups and the different days. Solution. We can use the three mutually orthogonal Latin squares instructed in the previous example to design this experiment.
Make up the drugs given to each group using Table 2 .9. The letter in the first position refers to the decongestant, the second to the antihistamine, and the third to the pain reliever. The letter "a" refers to a placebo, and "b", "c" and "d" refer to the three different types of ingredients. We recognize Euler's problem of the 36 officers on parade, as the problem of constructing two orthogonal Latin squares of order 6. Euler not only conjectured that this problem as impossible to solve, but he also conjectured that it was impossible to find two orthogonal Latin squares of order n, whenever n  2 mod 4.
No prime power is congruent to 2 modulo 4; therefore, we cannot use the method of Theorem 2.8. to 0 1 2 2 0 1 
Connections Between Latin Squares And Geometries

III.
Main Results Now we prove our main results.
Finite Geometries
This method of constructing n -1 mutually orthogonal Latin squares of order n over GF(n) was originally given by R. C. Bose [3] . In the same paper, Bose showed that there is a very close connection between orthogonal Latin squares and geometries with a finite number of points and lines. The geometries that we consider are called affine planes. If the geometry has only a finite number of points, it can be shown that there exists an integer n such that the geometry contains n 2 points and n 2 + n lines, and that each line contains n points, while each point lies on n + 1 lines. Such a finite geometry is called an affine plane of order n. In an affine plane of order n there are n + 1 parallelism classes. The diagram in Figure 2 .1 shows an affine plane of order 2 in which P = {a, b, c, d) and L = {{a, b}, {c, d), {a, c), {b, c}, {b, d}, {a, d}}.
Bose showed that an affine plane of order n produces a complete set of n -1 mutually orthogonal Latin squares of order n, and conversely, that each set of n -1 mutually orthogonal Latin squares of order n defines an affine plane of order n. 
IV.
Conclusion:
Hence an affine plane of order n , it is possible to construct a projective plane of order n by adding a "line at infinity" containing n+1 points corresponding to each parallelism class, so that parallel lines intersect on the line at infinity .The projective plane of order n has n 2 +n+1 points and n 2 +n+1 lines. Furthermore, any projective plane give rise to an affine plane by taking one line to be the line at infinity .Hence the existence of a projective plane of order n is equivalent to the existence of an affine plane of the same order.
